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NMF for audio spectral unmixing
(Smaragdis and Brown, 2003)

≈

time

original temporal signal x(t)

power spectrogram S W ≥ 0 H ≥ 0

frequency
transform

I yfn: short-time Fourier transform (STFT) of temporal signal x(t).

I sfn = |yfn|2: power spectrogram.

I NMF extracts recurring spectral patterns from the data by solving

min
W,H≥0

D(S|WH) =
∑

fn
d(sfn|[WH]fn)

I Successful applications in audio source separation and music transcription.
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NMF for audio spectral unmixing
(Smaragdis and Brown, 2003)
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Non-Negative Matrix Factorization 

! All factors are positive-valued:  
! Resulting reconstruction is additive 
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NMF for audio spectral unmixing
(Smaragdis and Brown, 2003)

≈

time

original temporal signal x(t)

power spectrogram S W ≥ 0 H ≥ 0

frequency
transform

I What is the right time-frequency transform S ?

I What is the right measure of fit D(S|WH) ?

I NMF approximates the spectrogram by a sum of rank-one spectrograms.
How to reconstruct temporal components ? What about phase ?
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Itakura-Saito NMF
(Févotte, Bertin, and Durrieu, 2009)

I Gaussian low-rank variance model of the complex-valued STFT:

yfn ∼ Nc(0, [WH]fn)

I Log-likelihood equivalent to Itakura-Saito (IS) divergence:

− log p(Y|WH) = DIS(|Y|2|WH) + cst

I Zero-mean assumption: E [x(t)] = 0 implies E [yfn] = 0 by linearity.

I Underlies a Gaussian composite model (GCM):

yfn =
∑

k
zkfn,

zkfn ∼ Nc(0,wfkhkn)

I Latent STFT components can be estimated a posteriori by Wiener filter:

ẑkfn = E [zkfn|Y,W,H] =
wfkhkn
[WH]fn

yfn

I Inverse-STFT of {ẑkfn}fn produces temporal components such that:

x(t) =
∑

k
ĉk(t)

Related work by (Benaroya et al., 2003; Abdallah and Plumbley, 2004; Parry and Essa, 2007)
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I Inverse-STFT of {ẑkfn}fn produces temporal components such that:

x(t) =
∑

k
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The Itakura-Saito divergence
(Itakura and Saito, 1968; Gray et al., 1980)
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Itakura-Saito

Generalised KL

Squared Euclidean

IS divergence: dIS(x |y) = x
y
− log x

y
− 1

I Nonconvex in y .
I Scale-invariance: dIS(λ x |λ y) = dIS(x |y)

Very relevant for spectral data with high dynamic range.
In comparison, dEuc(λ x |λ y) = λ2 dEuc(x |y), dKL(λ x |λ y) = λ dKL(x |y).
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Optimisation for IS-NMF
(Févotte and Idier, 2011)

Objective

min
W,H≥0

D(S|WH) =
∑
fn

[
sfn

[WH]fn
− log

sfn
[WH]fn

− 1

]
=
∑
fn

[
sfn

[WH]fn
+ log[WH]fn

]
+ cst

State of the art

I Block-coordinate descent (W,H) with majorisation-minimisation (MM)

I Updates of W and H equivalent by transposition of S

I MM leads to multiplicative updates (linear complexity per iteration)

hkn ← hkn

∑
f wfksfn[WH]−2

fn∑
f wfk [WH]−1

fn

I Nonconvex problem (because of bilinearity and the divergence),
initialisation matters.
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Piano toy example

!!!! !!!! !!!! !!!!" ##### $
(MIDI numbers : 61, 65, 68, 72)

Figure: Three representations of data.

demo available at https://www.irit.fr/~Cedric.Fevotte/extras/machine_audition/ 10

https://www.irit.fr/~Cedric.Fevotte/extras/machine_audition/


Piano toy example
IS-NMF on power spectrogram with K = 8
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Piano toy example
KL-NMF on magnitude spectrogram with K = 8
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Follow-up on IS-NMF

I penalised versions promoting sparsity or dynamics (Lefèvre, Bach, and Févotte, 2011a;

Févotte, 2011; Févotte, Le Roux, and Hershey, 2013)

I model order selection (Tan and Févotte, 2013)

I online/incremental variants (Dessein et al., 2010; Lefèvre et al., 2011b)

I Bayesian approaches (Hoffman et al., 2010; Dikmen and Févotte, 2011; Turner and Sahani, 2014)

I full-covariance models (Liutkus et al., 2011; Yoshii et al., 2013)

I improved phase models (Badeau, 2011; Magron, Badeau, and David, 2017)

I multichannel variants (Ozerov and Févotte, 2010; Sawada et al., 2013; Kounades-Bastian et al.,

2016; Leglaive et al., 2016)

+

+

Sources S NMF: W H Mixing system A

Mixture X

Multichannel NMF problem:    Estimate W, H and A from X

noise 1

noise 2
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Analysis vs synthesis

I IS-NMF is a generative model of the STFT but not of the raw signal itself.
I Low-rank time-frequency synthesis (LRTFS) fills in this ultimate gap.
I STFT is an analysis transform

yfn =
∑
t

x(t)φ∗fn(t)

I LRTFS is a synthesis model

x(t) =
∑

fn
αfn φfn(t) + e(t)

Figure: Two Gabor atoms φfn(t)
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Low-rank time frequency synthesis (LRTFS)
(Févotte and Kowalski, 2014)

I Gaussian low-rank variance model of the synthesis coefficients:

x(t) =
∑

fn
αfn φfn(t) + e(t),

αfn ∼ Nc(0, [WH]fn),

e(t) ∼ Nc(0, λ).

I LRTFS is a generative model of raw signal x(t).

I Like in IS-NMF, latent composite structure of the synthesis coefficients:

αfn =
∑

k
zkfn,

zkfn ∼ Nc(0,wfkhkn).

I Given {ẑkfn}fn, temporal components can be reconstructed as

ĉk(t) =
∑

fn
ẑkfn φfn(t).
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Relation to sparse Bayesian learning (SBL)

I Generative signal model in vector/matrix form:

x = Φα + e.

I x, e: vectors of signal and residual time samples (size T ),
I α: vector of synthesis coefficients αfn (size FN),
I Φ: time-frequency dictionary (size T × FN).

I Synthesis coefficients model in vector/matrix form:

p(α|v) = Nc(α|0, diag(v)).

I v: vector of variance coefficients vfn = [WH]fn (size FN).

I Similar to sparse Bayesian learning (Tipping, 2001; Wipf and Rao, 2004)

except that the variance parameters are tied together by the low-rank
structure WH.

17



Maximum joint likelihood estimation in LRTFS

I Optimise

C (α,W,H)
def
= − log p(x,α|W,H, λ)

=
1

λ
‖x−Φα‖2

2 +
∑
fn

[
|αfn|2

[WH]fn
+ log [WH]fn

]
+ cst

I Block coordinate descent (α,W,H)
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λ
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]
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I Block coordinate descent (α,W,H)

Optimisation of α

min
α∈CM

1

λ
‖x−Φα‖2

2 +
∑
fn

|αfn|2

[WH]fn

Ridge regression with complex-valued FISTA
(Chaâri et al., 2011; Florescu et al., 2014)
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Maximum joint likelihood estimation in LRTFS

I Optimise

C (α,W,H)
def
= − log p(x,α|W,H, λ)

=
1

λ
‖x−Φα‖2

2 +
∑
fn

[
|αfn|2

[WH]fn
+ log [WH]fn

]
+ cst

I Block coordinate descent (α,W,H)

Optimisation of W, H

min
W,H≥0

∑
fn

dIS(|αfn|2|[WH]fn)

IS-NMF with majorisation-minimisation
(Févotte and Idier, 2011)
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Maximum joint likelihood estimation in LRTFS

Algorithm 1: Block coordinate descent for LRTFS

Set L ≥ ‖Φ‖2
2 (gradient inverse step size)

Set α(0) = ΦHx (STFT)
repeat

% Update W and H with NMF
{W(i+1),H(i+1)} = argminW,H≥0

∑
fn dIS(|α(i)

fn |
2|[WH]fn)

% Update α with FISTA
repeat

% Gradient descent
z(i) = α(i) + 1

L
ΦH(x−Φα(i))

% Shrink

α
(i+1)
fn =

[WH]
(i+1)
fn

[WH]
(i+1)
fn

+λ/L
z

(i)
fn

% Accelerate with momentum
until convergence;

until convergence;

Complexity is one NMF per update of synthesis coefficients

Efficient multiplication by Φ or ΦH using the LTFAT time-frequency toolbox
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Noisy piano example

(a) noisy signal
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Time (s)
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(b) IS-NMF decomposition

audio: c1(t) c2(t) c3(t) c4(t) c5(t) c6(t) c7(t) c8(t) c9(t) c10(t)
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Remarks about LRTFS

Real-valued signals (Févotte and Kowalski, 2018)

I x(t) previously assumed complex-valued for simplicity.

I In practice, x(t) is real-valued and Φ, α have Hermitian symmetry:

x(t) =

F/2∑
f =1

N∑
n=1

2<[αfnφfn(t)] + e(t)

I More difficult to address but leads to essentially the same algorithm.

Multi-layer representations (Févotte and Kowalski, 2014, 2015)

I LRTFS allows for multi-resolution hybrid representations:

x = Φa αa + Φb αb + e.

I Φa and Φb are time-frequency dictionaries with possibly different resolutions,
I αa and αb have their own structure, either low-rank or sparse.

I Not possible with standard NMF !
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Remarks about LRTFS

Compressive sensing (Févotte and Kowalski, 2018)

I Signal x of size T sensed through linear operator A of size S × T :

b = Ax + e

= AΦα + e

I Thanks to LRTFS, low-rankness can be used instead of sparsity.
I Estimate α from b under αfn ∼ Nc(0, [WH]fn), similar algorithm.

toy piano song excerpt∗
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Recovery with LRTFS, SBL, LASSO (optimal hyperparameter) and two oracles
∗ Mamavatu by S. Raman (acoustic guitar, percussion, drums)
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NMF with transform learning
(Fagot, Wendt, and Févotte, 2018)

≈

time

original temporal signal x(t)

windowed segments X W HFourier transform U 2
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NMF with transform learning
(Fagot, Wendt, and Févotte, 2018)

≈

time

original temporal signal x(t)

windowed segments X W Hadaptive transform U 2
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NMF with transform learning
(Fagot, Wendt, and Févotte, 2018)

I Power spectrogram S can be written as

S = |UFTX|2

I X of size F × N contains adjacent and windowed segments of x(t).
I UFT of size F × F is the orthogonal Fourier matrix.

I Traditional NMF:

min
W,H

D(|UFTX|2|WH) s.t. W,H ≥ 0

I NMF with transform learning (TL-NMF):

min
W,H,U

D(|UX|2|WH) s.t. W,H ≥ 0,U orthogonal

I Can be interpreted as a one-layer factorising network.
I Inspired by the sparsifying transform of (Ravishankar and Bresler, 2013):

min
U
‖UX‖1 s.t. U square invertible

27
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NMF with transform learning
(Fagot, Wendt, and Févotte, 2018)

Objective

min
W,H,U

DIS(|UX|2|WH) + λ‖H‖1 s.t.

 W,H ≥ 0
‖wk‖1 = 1
UUT = I

I For simplicity, U real-valued orthogonal matrix.

I Practical importance of imposing sparsity on H.

Block coordinate descent (U,W,H)

I Update of (W,H) with majorisation-minimisation.

I Update of U:
I Projected gradient descent with line-search (Manton, 2002)
I Jacobi algorithm (U decomposed as a product of Givens rotations)

(Wendt, Fagot, and Févotte, 2018)
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Learnt atoms from the piano toy example
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Learnt atoms from the piano toy example

u5

u6

u1

u2

u7

u8

u10

u11

u13

u14

u19

u21

Some atoms form pairs in phase quadrature
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Temporal decomposition with TL-NMF
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Summary

I IS-NMF is a generative model of the STFT.

I LRTFS is a generative model of the signal itself, with low-rank variance
structure of the synthesis coefficients.

I TL-NMF learns a short-time transform together with the factorisation.

I Both LRTFS and TL-NMF take the raw signal as input.

Available PhD & postdoc positions
in machine learning & signal processing

within ERC project FACTORY
http://projectfactory.irit.fr/
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