Comparative uncertainty, belief functionsand accepted beliefsDidier DuboisH�l�ne FargierHenri Pradeaview of in the setting logical of beliefs. show that the of the the nothing else. In terms of reasoning any possibility or The probability functions and of which yield belief sets prove to be very special ones.1. INTRODUCTIONThere is an in the of probabilistic other of on the one symbolic setting of logical reasoning methods on the The of formalisms on or sets has AI as symbolic ones. the basic issue that is to say, or not the two of (logical at all at the formal level, has not simultaneously bya probability function that the propositions by of two ¥ to what extent from of from ¥ to what extent the revisions of the (via of the upon arrival of an input information, be coherent as well?in the past with to theories, basically probability theory 1988). the problem by trying to a view of belief revision in the setting of logical sets of structures, that is comparing events, in terms the by functions et The single assumption sets the of that be uncertainty. Actually, show that of compatibility the nonmonotonic system byOur work is closely to of who investigates how to lift a partial on states to apartial on events in the style of possibility of that semantics of nonmonotonic in terms relations. The makes a it a class of results about of partial that in with entailment. while 1996) mainly on with a semantics in terms the notion of logical functions relations belief revision. Section 3 introduces the of partial which partial compatible with logical links with P in the last part of Section 3. Section 4in this a of any by a family of is given. Section 5 onon that follow from 22.1 CONFIDENCE RELATIONSUsually, in theories, an builds aas a relation among eventsA, B, C, i.e., subsets of a set of states S (in following, we assume that S is finite). A means thatthe agent’s in A is at least as as in B. From this relation, ¥ A > B iff (A B) and not (B A) - strict preference; ¥ A B iff neither (A B) nor (A B) - incomparability; ¥ A ” B iff (A B) and (B A) - equivalence.that, in to tell incomparability not suppose that is usual that a or A mapping to a A relation naturally transitive but the incomparability relation not so. if A ˝ B, then Ain A strictly than the one in B: this a proposition be more than it semantically entails. In summary the main Transitivity (T): A B and B C imply A CMonotony with respect to inclusion (MI ) :A ˝ B � B A.Axiom O: if A ˝ A’ and B’ ˝ B then A > B A’ > B’The following properties follow from T and MI :¥ Reflexivity of and thus of ¥ Transitivity of > and ¥ of > : A > A not (A > A¥ Compatibility with logical entailment for both and >:if A ˝ A’ and B’ ˝ B then A B A’ B’.if A ˝ A’ and B’ ˝ B then A > B A’ > B’ (Axiom O).by a stability on the relation A with to sets A or commonelements (Fishburn 1986; Dubois 1986) :Definition 1 Let A, B C be any events such A ˙ (B ¨ C) fl. A additive iff A ¨ B A ¨ C B C.Denoting ‡ the dual of , such that A ‡ B iff � �A, be that relations self �B ‡ �A. instance, probabilities (Fishburn 1986) relations. not e.g., those on or functions. For instance, the basic assignment m with two disjoint elements E Fsuch that m(E) < m(F), and two events A such as E˝ A, F˙� m(E) > while Pl(A) m(E) < =m(F), in spite of the that Pl would suggest, when is not to both �B ‡ �A .which not is possible to two in of ” �A ” fl) for possibility-like relations¥ not(A ” S and �A ” S) for certainty-like relations. 2.2 ACCEPTED BELIEFS AND BELIEF REVISIONThe logic to considers a set B of propositions f, y,... as a set of explicitof an agent, from which it is possible to implicit beliefs. The set of consequences of B is the set "rationally" also a set K1988). In to sets relations, events to sets ] of propositions , must what means a proposition to be by a relation. The most is to say that is an if only if the is in f than in its negation: ] > ] ( ] > �] ). In this shall use notation: A > �A A is which also equivalent to A >T �Since a set is the the relation the set that any of an is an ˝�B¥ AND rule: if A > �B then A ˙ B > �A ¨ �A is tentatively may be bythe of information. the relations must the belief. input arrives as a proposition that must be true, the K is into , that is, a set that . Rationality axioms which how a the initial set is with , 1988). shall assume nothing but postulate y ˛ the .

an input C [y] to restricting the relation to subsets of C. This in A than only if ˚C > ˙ C. set of C is (C)˚=˚{A:˚A ˙ C > �A ˙ 1. The close revision theory since, using of an a set K, the of events to the by an input y is (C)˚={A:˚A ˙ C G�A ˙ C} (with C [y] ). Note that in terms of � � �A >E� A ¨ � the ) that the revision that It to conditional versions of CS and the AND rule:if A ˝ B and C ˙ A > C �A then ˚C ˙ B > C �¥ Conditional AND rule (CAND):if C ˙ A > C ˙ �A and C ˙ B > C ˙ �Bthen C ˙ A ˙ B > C ˙ �A ¨ �CCS and CAND give the CS and AND rules when C = S.In this try to the common sets, relation satisfying T, MI CAND (CCS implied by MI). These kinds of orders, that may be partial,will be partial so as to 3 PARTIAL ACCEPTANCE PREORDERLet S be a set of states, a set of events, be apartial order on 2S that satisfies T and MI. It is easy to that CCS and CAND be written as follows (A, B, D being disjoint events):¥ CCS: A > B ¨ C � A C > B;¥ CAND: A ¨ B > C ¨ D and A ¨ C > B ¨ D A > B C ¨

1 This is a natural definition of revision on the basis of a relation. Indeed, numerical uncertainty theories, been axiomatically by (1961) the equation: g(A|C) is a solution to the equality C) = where * is continuous and strictly monotonic in both places. Then * = product. Then g(A|C) > �A|C) if if C) > �C).The equivalence when g aa function or a measure, Dempster rule of or qualitative counterpart theory which remains the of equation. However, the equivalence does the dual conditional measures of the form g(A|B) = 1 — g(�In fact, as soon as T MI it is enough the following axiom in (Dubois, Acceptance Axiom (Ac): A,B,C three disjoint events,A ¨ B > C and A ¨ C > B A > B C .The CCS is from axiom MI CAND is to in of axiomDefinition on set of events is iff it satisfies T, MI Ac. Theby will be Note that the of an is not an of Proposition 1 : Any O Ac. if > is irreflexive, transitive and satisfies O Ac then is by the ‡defined by A ‡ B iff A > B B ˝ A. Relation is of The strict part of an acceptance order irreflexive, transitive and satisfies O. It satisfies Ac by an irreflexive and transitive that satisfies O and The relation defined 1 satisfies MI by clearly induces . It obviously satisfies Ac. It is transitive since:- if A > B and B > C, A > C and thus A C- if A > B and C˝B, by O, A > C and thus A C- if B˝A and B > C, by O, A > C and thus A C- if B˝A and C˝B, C˝A and thus A C.Moreover, A=B implies obviously A ” B. A ” B implies (A > B or and (B > A or B). Since B that not(A > B), we A and A satisfies the Proposition 2: $ K ˝ S, K fl, such that :" A ˝ S, A > �A � K ˝ The set K is nothing but the of all A’s that A > �A is the most by property, that the of thus Proposition 3 " B ˝ S, if B > fl, then $ ˝ S that K „ fl and ˝ S, A ˙ B >�A ˙ B � ˝ Ais the of all the A such that A˙ B >�A ˙ B. Proposition 2 is retrieved when B = S.3.1 Epossibility (Dubois, 1986; Dubois, 1995b). Let us that a N is that: N(A) ˛ [0,1] and ˙ B) min(N(A), P1 — �A) such that (A ¨ B) =

(A), (B)) is a possibility measure. More for dual pair(N, ) of set functions, ‡ which possibility by N by the epistemic any revision is driven by a on events only the N of possibility theory . The set of =N�P �is asemantic of a set. set AP(C)= {A, A ˙ C �A ˙ C} is satisfies all postulates of revision (Dubois, 1992). the strict part of aSince the revision theory a relation, it naturally suggests that in turn to a revision on events bya probability is an as it violates the rule. This has a time ago by Kyburg is the basis of the given the all of Possibility pair of events is the full comparability of events (i.e., makes if the from a numerical set function, as studied in Section 5. the incomparability is often not transitive. For let be a possibility function the Psup A > Biff (A ˙ �(�A ˙ B) �) > N(B ¨ �); A ‡ B iff A > B or B ˝ is a partial is a partial that (A Bimplies A sup by only the A iff A >PB, then (C) (C))). But is not transitive: (A ˙ �A ˙ B) ˙ �C) =�B ˙ C) do not imply (A ˙ �(�A ˙ of partial relations a relation > on ¥ A,B,C A ¨ B > C and AC > B A > BC (Qual)¥ > satisfies the orderly axiom O.supposes anything about or irreflexivity. Anyway, Qual is much than since it applies to A,B,C (not Partial relations partial relations. relation is a an relation is apartial But 2 as well as partial 3 that thus takes a relations, of relations that nor - can they be as relations A >A for some A ?3.2 RELATIONS WITH SYSTEM PThis is mainly the one by(1996), except that not to assume their axiom A3 (that that A ” B ” flimplies A¨B ” fl). Indeed this axiom not functions or Anyway, it true that any partial satisfies the main axioms of system P the on disjoint events by athat semantics nonmonotonic logic to a strict disjointby a of + assertion, then y holds A + the + [] [] > [ ] [´] (*)In this context, of be written as of C > A� C > B�C �C B ˝ B > A� > �C B > A� �C �C B > A� �C > A�Kraus, also assume axiom A + A, which is to in since it means A > fl all A thus fl > this violates our >. Even the Reflexivity (RR) axiom Afl, A > fl) is questionable in our context, since aimat theories: axiom RR

2 Consider for instance the reflexive relation on = satisfying MI, whose strict part is {s1, s2} > {s1} > {s2}. ‡an acceptance preorder that does satisfy (QUAL). Indeed :{s1} ¨ {s1} {s2} and {s1} ¨ {s2} {s1} {s1} {s1} 3 Qual .

any to be plausible. However, in the context of one may often wish to that A is impossible if A „ fl instance, null sets in probability theory Anyway, this is easily by following Consistency axiom, that is CP: Whatever A, fl > A does not hold.It is easy to show that partial by assertions in the that turns out that the entailment relation by a partial is not more + A:Proposition : if is CAND, OR, RW, CM, CUT, CP, the it via is Theorem The of any satisfies T, MI Ac satisfies CAND, CM, CUT, OR, CP. If A fl A „ fl, family of system P but for A = fl.The main 1996), f + y as : f+ ] [y] > ] ] or ] ” fl). simpler + ] [y] > ] ˙[´y]) allows us to A3. Actually, that the + ] is empty f + of system P.4. ADDITIVE AND NON-ADDITIVEACCEPTANCE PREORDERSFriedman and Halpern (1996) show that, if is a relation that satisfies MI, A3, the strict part of ‡ events be by a of that also satisfy properties. From 1, it is to show that it still the if A3 is not 4. But of an by means families of in 1996) is not fully satisfying; the the of disjoint events, unless the is to be additive. Recall that additivity means that, for any B and C such that A ˙ C) = fl, ˚B A ¨ C � C. is then, any A, B, C such thatA˙(B¨

4Indeed, the restriction of > events equivalent aconsistent closed base of defaults, and such a belief base can represented by a family of measures (following Prade (1995a)), even if RR is not assumed: if A ¨ B > A fl some A and a of 0 assigned A some of measures, a of 0 assigned the ones : hence, it may hold that A ¨ B > fl although A ” B ” fl.¥ A ¨ B ” A ¨ C B ” ¥ A ¨ B > A ¨ C B > C.If additivity is assumed, the relation > can thus be as well as an Proposition 1, but this is not the .from the of > among disjointevents those such that two disjoint events the distinction and incomparability can be lost.in the context of is a strongincompatibility the of disjoint events have the following highly possibilistic property:Proposition 5. Let A, B and C be disjoint C ” A > B A ” A ¨ B ” ” ¨ B > BProof: Since A > and , then ¨ A > and A. It impossible to have C ¨ B > A (otherwise, by Ac, C > A and C”” then negligible to A. rules out the possibility handling negligibility since additivity implies that: if B >fl, then for any A disjoint from B, B > A (**)Proposition 6. if is (**), then for any three disjoint events A, B and C:C ” A > B � B ” Thus, if is additive, C ” A > B � B ” Proof > B . (**), Moreover, additive relation satisfies (**).as soon as is disjointno state can be than two states, it is + the that disjoint incompatible with the notion of negligibility that to several theories of uncertainty (e.g., Lehmann, 1996) .So, if we do not want to restrict our to relations, to the theorem, showing that any (possibly is to a family of partial is to afamily of preorders is obvious. The important point is thatthe semantics of partial is terms of be the Theorem Any by family () of complete preorders ‡f such that: A B ‡f ˛ (), A ‡f of the that that ‡ >’ flB B). ‡ that A AflB A >’B >’ on, no by theorem above.The above result still holds is to the subfamilyof maximally Conversely, it is easy to show that:Proposition Let be non empty set of f , g A B � A B. The order ‡F defined by: A ‡ B iff f ˛ , Aresults the ones of ones of et al. that capture system P by linear possibility orders.5. NUMERICAL REPRESENTATIONSOF ACCEPTANCEThe previous result shows that the of a satisfies of comes to the of a set of Our is thus with usual semantics of system P, althoughmore But this is of no use in terms of cost be costly as a partial of the maininterests of usual is that they more economically, from a distribution massassignment functions, a distribution for possibility measures, etc.). That is why on the of Since Definition 3: An acceptance function f is set function such that ¥ if A ˝ B, f(B) ‡ ¥ if f(A) >R f(� ˙ > R f(� ¥ f(A¨R f(A¨C) >R � f(A) >R f(B¨C)A context function f complete follows: A ‡ B iff f(A) ‡ f(B).usually byspecifying a stability property on the relation A A or common elements: the comes from Definition Let A, B C be such A˙¨¥ is a relation of type OR iff: B C AB AC¥ is a relation of type AND iff: AB AC B C¥ is additive iff it is of both types AND and OR.probabilities relation.Possibility of type OR, while the : they versions of type OR given, that of and plausibility measures (Wong et al 1991):Definition 5. Let A, B and C be three disjoint events. ‡is a relation of typeWeak AND iff: A ¨ B > B A ¨ B ¨ C > B ¨ Weak OR iff: A ¨ B ¨ C > B ¨ C A ¨ B > BIn fact, only of these compatible with without any restriction.As previously fully in with the axiomatics In contrast, only probability P that A s A such that P({s}) > P(A \ {s}) tolerant functions. This to probability a onstates, such that the probability of a state is bigger than the probability of the next (Snow 1994, et al - they be probabilities. Namely, let S }with > ...> ... =P({sniff: i < r — 1, P({si}) > fl jThis situation is to (**), that is by property. as soon as is Proposition 6 Thus C ” A > ” D > fl be mutually disjoint events using a set function that AND. In the context of a has since it a on the non impossible states. In other of this type This restriction not only applies to probabilities, that obviously satisfy AND, but to ’s functions (the relation of functions). class of functions obeying the be in terms of the of focal sets (sets with positive mass). First, let us (resp. functions any (resp. plausibility) function is an plausibility) function).Proposition 8 (Dubois, Prade 1995b):

A belief function Bel well its function Pl), with probability assignment m, is function on K {A, Bel(A) >�A)} = {A, Pl(A) > Pl(�A)} if and only if:K is singleton s.t. fl A �K or any focal subset F of Bel is such that F K K is a focal subset such that |K| 2the only subsets }, } }) }), possibly of K =Let us call minimal set a set that contain other focal sets. It can be shown that:Proposition A belief function is context function) ¥ Only one minimal set more one element (other ones must be singletons).¥ The minimal sets strictly less important one is the one is not singleton. other terms, the mass assignment for minimal focal sets of the form: m({s1}) >.... > m({si}) > m({si+1, ..., sk}) >m({sk+1}) ... m({sn}) 0 S {s1, �, sn} the set of states and the sum of masses is one.¥ The mass assignment function, i.e., any minimal set {sj}: m({sj}) =Bel({sj}) > Bel({sj+1, �, sm}) = flsj+1,., sm} Necessity among this they asingle minimal set. But some functions incompatible with of But the -plausibility ou of type OR not by the Proposition 6. The of these plausibility functions from the of a function is not a function (although the of The above Proposition 9 pertains actually to the of functions (i.e., =since the of to a plausibility relation, the rule of (i.e., Pl(A)). To obtain functions, it is enough to start from Proposition 8 all plausibility functions which functions, then to that the of such functions an function again. This us with examples of context-tolerant plausibility functions:Example : k0 minimal which singletons. a suitable of elements of S assume > }), elements h form a structure. i, m({si}) > fl ,k j}) + fl l lThe in the sum those h which not elements s to s. Example : The of the elements in the following way: is a K the other elements K, or contains K of the form F= }the ’s distinct elements of S which elements; they satisfy i, i> fl ¨jwith rThese two examples illustrate the that plausibility functions combine probabilitiespossibility-like structures. It is also pointing out that extremely simple basic mass assignmentnot context tolerant plausibility functions. For instance, a of only two disjoint elements. Then at one should be a singleton a mass strictly than the other (except if the other is itself a singleton), 6. SUMMARY AND CONCLUSIONSThe most yet meaningful, partial of events monotonic inclusion, that be as families of as families of functions. only useful part of a on events the the set of is its strict to disjoint events, that it the axiom, which in all of nonmonotonic thus with (1996) that give a central role to the CAND axiom: in on (T MI), the axiom of other of system P RR, that is This little room most uncertainty. Most probability functions, most functions and most belief functions fall out of the functions. This contrasts with theory that is fully consistent with a logical exist which than possibility not fully yet, which in Section 4 Proposition 5), obey a highly "possibilistic" any disjoint events A, C, if is a then B B.

like those by it be that no pair of disjoint events (e.g. nopair of states) is Thus may be some nonnull events such that A ” A¨B. In other terms, allows to disjoint events,is thus to to functions, or it assumes that some events negligible front of others (here B, in front of A and C).results the compatibility logical of propositions, that use the usual of implicit beliefs, on reasoning about partial belief. It is a a view of theory revision on onfrom other epistemic simply the of closed belief sets is devastating in this respect.One possible conclusion is that the notion of set is not fully adapted to the modelling of belief, not this notion syntactic the logical assumption), but conjunction is not plausible with partial of might be this as unions of sets propositions (that may be globally inconsistent). in inconsistency et al 1997b). inconsistency is incompatible with closure. It turns out that most probabilities) synthetize conflicting of information while measures do not. It may explain why the latter seem to the only simple ones that sanction the of S. D. Dubois, H. probabilistic semantics of 14th Conf. on S. D. Dubois, H. (1997b). syntactic to the of bases: a study. R.T. Cox The of John Hopkins Press, Baltimore. , .D. Dubois, H. Fargier, H. (1997). Decision makingof the 13h Conf. on in , Providence, August 1997, 157-164.D. Dubois, H. Prade (1992). theory. In Belief , P. ed., university press, 142-182. Conditional D. Dubois, H. (1995b), of the 11th Conf. on Articicial Intelligence, Montr�al, August 1995, 149-156P. Fishburn (1986). The axioms of probabilities. Statistical Science, 1, 335-358.N. Friedman, J. Plausibility reasoning. of the 13th Conf. onArtificial Portland, OR, 1304. To appear in J. Assoc. for Comp. Mach.P. in . MIT press,Cambridge, MA.J. Halpern (1996) Defining in K. Kraus, D. Lehmann, M. Nonmonotonic reasoning, cumulative logics. Artificial Intelligence, 44, 167-207.H. E. Kyburg. Probability and the logic of Wesleyan University Press. Middletown, Ct. 1961H. E. Kyburg in vol 2, J. F. L. N. Elsevier, 263-272.D. of the 12th Conf. on in Articicial Intelligence, Portland August 1996, 381-388.D. L. Lewis G. A Theory of .Princeton University Press, Princeton.P. Snow The of initial ignorance. Proc of the 12 th National Conference onS. K. M. Wong, Y. Y. Yao, P. Bollmann, H. C. structure. Transactions on SMC, vol 21 no 4, 726-734.L. A. Zadeh (1978) Fuzzy sets as a basis a theory, Fuzzy Sets and Systems